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We investigate the boundary-roughness effect on nematics induced by a grooved surface
based on two models composed of a lower grooved surface with homeotropic anchoring
and an upper flat surface with planar anchoring, and the director at the upper surface
is either perpendicular to the direction of grooves (model 1) or parallel to it (model ).
By comparison, we find that the effect of roughness on model 11 is larger than model I,
which results from the twist deformation in model II. The effective anchoring strength
in model Il increases with the value of K,/ K. Moreover, the free energy of model I is
lower than that of model II for nematics with K, /K.

Keywords Effective tilt angle; extrapolation length; surface grooves; weak anchoring
effect

Introduction

Inhomogeneous or nanotextured surface in nematic liquid crystal (NLC) cells has a sig-
nificant effect on the alignment of liquid crystal (LC) molecules [1-6]. There have been
many experimental attempts to achieve some desirable anchoring properties by surface
tailored with microscopic grooves or geometrical patterns [7—10]. Those studies have been
attracting attention because they propose novel methods of preparing anchoring surfaces
different from conventional techniques such as surface rubbing. Recently, the experimental
realization of a submicrometer-scale surface grooved with sufficient geometrical precision
has provoked interest in the effects of rough surface [11-20].

Experiments [14-16], theory [17], as well as simulations [18,19] have shown that
rough or nanotextured surface can reduce the order close to the surface, and nucleate a
boundary layer of strongly reduced order, which is called “surface melting” [20]. Within
the boundary layer where the nematic order decreases, the director changes rapidly and
gives rise to a nontrivial structure [20].

*Address correspondence to Zhidong Zhang, Department of Physics, Hebei University of Tech-
nology, Tianjin 300401, P. R. China. E-mail: zhidong_zhang @yahoo.cn
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The combined effect of rapidly varying director anchoring and surface melting gives
rise to an effective weak anchoring effect [20,21]. The problem of relating the effective
anchoring extrapolation length to the microscopic roughness parameters has been studied
in several theoretical papers, framed within the Frank theory [22-24] or the Landau-de
Gennes theory [20].

However, all of the analytic arguments are based on an assumption that the surface
slope and the resultant distortion are small enough so that it is sufficient to consider the
quadratic form of the Frank elastic energy in terms of the director distortion. Therefore,
numerical studies will be inevitable to understand the properties of grooved surfaces with
relatively large slopes. Although there have been a number of numerical studies to elucidate
the behavior of NLC in the vicinity of a grooved surface [25-27], few of them aimed at
the roughness effects of such surfaces, especially the models with twist deformation in the
bulk.

In this paper, we analyze in numerical detail the boundary-roughness effects induced
by grooved surfaces with relatively large slopes by the two-dimensional finite-difference
iterative method [28]. We set ourselves within the Frank elastic theory, in which the order
parameter S of the NLC is assumed uniform and equal to the bulk value Sg, and only the
director n varies in space [14]. Reference [20] gives the elastic constants K; depending on Sin
the form K| = K5 = ZSé(Ll + Lo+ L3), Kr, = 2S123L1. Our results confirm the effective
weak anchoring effects already obtained in Ref. [20] and show some new phenomena, such
as the twist effect of the grooved surfaces.

The Model

In order to study the weak anchoring effect of grooved surfaces, we propose two NLC
models composed of a grooved surface and a flat surface, as shown in Figs. 1(a) and (b),
which we referred to as model I and model II, respectively.

The direction of the grooves is assumed to be parallel to the y-axis of a Cartesian
reference frame and assumes uniformity along this direction (d/9y = 0). The height of the
surface with respect to a reference plane z = 0 is assumed to be given by a cosine function

Zo(x) = A[cos(gx) — 1], (D
R T ) Meceeeeoooe0000RE0 00 @
Z z

i L1
2A A =2A
[1] 08 1 15 4 1) 05 1 1.5 =
=/A x/A
(a) (b)

Figure 1. Schematic representation of two NLC models composed of a grooved surface and a flat
surface. (a) Model I: The top flat surface with planar anchoring perpendicular to the direction of
grooves. (b) Model II: The top flat surface with planar anchoring parallel to the direction of grooves.
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where g = 27 /X is the wave vector of the surface grooves, A is the spatial periodicity
of the grating surface, and A is its amplitude. At this lower surface, we enforce a strong
homeotropic anchoring, where the director n orients along the local surface normal v, i.e.,
7/,

At the upper plane surface z = L, we assume a strong planar anchoring condition.
The director n at the surface is either perpendicular to the direction of grooves [Fig. 1(a)]
or parallel to it [Fig. 1(b)]. As Ag — 0, both models reduce to hybrid-aligned nematic
(HAN) cell. In model I, the wave vector is in the HAN plane, hence the distortion induced
by the grooved surface and the uniform deformation are in the same plane; while in model
II, the wave vector is perpendicular to the HAN plane, hence the distortion induced by the
grooved surface and the uniform deformation are not in the same plane. In other words,
model I allows twist deformation in the bulk while model II does not.

Numerical Methods

In our numerical system, we assume a periodic boundary condition along the x direction,
so that the director profile satisfies n(x, z) = n(x 4+ mAi, z), with m being an arbitrary
integer. The area of our numerical system in the (x, z) space is described by 0 < x < A and
z0(x) <z <L,

We introduce the new dimensionless coordinate ¥ = )XC 7= m and define the

dimensionless parameters A = sz“, L.= Lj-zZA’ A=2% and G = 27” = gA, thus the
system described by x € [0, A), z € [-2A, L,] in the (x, z) space is mapped onto a scaled
space: X € [0, 1),Z € [-2A, L,]. The numerical calculations are to be intended with respect
to the scaled variables.

The total free energy per unit area of the surface is given by

1 [ _ax (% _dz o a o o e
F=— | di— [ dZ— fean {1, 0:0(X,2),0:n (X, 2)}. 2
A Jo 0x Jo, 0z

We discretize the scaled space (%, 7) by 400 x 401 grid points with equal grid spac-
ing, i.e., AX¥ = AZ = 0.0025, which has been demonstrated sufficient to get the rea-
sonable and relatively accurate result. The director n at each grid point is assigned as
niy =n(x, Z)with¥ = (i — 1)A%, % = (k — 1)AZ—2A,i € [1,400],and k € [1,401].
We adopt periodic boundary conditions in the x direction that conform to the pe-
riodicity of the surface. Here, we do not detail the discretization of Eq. (2). We
merely mention that F is expressed as the sum of the contributions from each cell
[(—DAX <iAX < (i + DAX, (k — 1)AZ < kAZ < (k + 1)AZ], in which frn(i, k) is
a function of 72; k., Ry 1.k, Ri—1.4> Rika1, and i y.

For each point (¥;, Zo(%;)) of the grooved surface, there is a corresponding J; deter-
mined by |Z;, — Zo(¥)| < &%, where Z;, = (ji — 1)AZ—2A and Zo(%;) = A[cos g% — 1] =

Alcosgx; — 1], withx; = (i — 1)Ax and Ax = 2. We let the system relax from an initial
condition under the fixed boundary condition at the upper surface [1; 401 = (1, 0, 0)] (model
I) or [ﬁi,401 = (0, 1, 0)] (model II), and the homeotropic boundary condition at the lower

surface (ﬁ,-, ill V;), where V; is the local surface normal at (x;, zo(x;)) in the real (x, z) space.

We employ
on SF\_. §F
Vo = ( >n 3)

S

ot on ) si’
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as the relaxation equation to iterate the director simulation [29], where % =V. % — %
and the Lagrange multiplier term is dropped. To discretize Eq. (3), we replace the derivatives

with finite-difference as follow:

i+ A =i )/ A1 = (7 (1) ) i (1) = @)
— n —n =\|n ey n — -

n 57t (1) 57t (1)

After the director is updated, we renormalize it back to unit length by dividing the total
length of the updated vector, as shown in Eq. (5)

n(t + At)

nt+ At) & ———=—.
( ) |n(t + At)|

&)
In our numerical calculations, we have found that a discretization with time step given by
1077 is sufficient to guarantee the stability of the numerical procedure. In addition, our
equilibration runs take 50 x 10%, which has been confirmed sufficient for the system to
reach equilibrium state.

We calculate the tilt angle distribution and the total elastic energy of the two models
after the system reaching equilibrium. In order to make the calculation of the tilt angle easier,
we approximately consider z = 0 in Fig. 1 as effective flat boundary, and the rationality
of this approximation will be discussed in the conclusion part. At each layer above z = 0,
we have calculated the tilt angle ¢, = tan™! (i, /ii,) for model I and ¥, = tan™' (i1, /7i) for
model II, where 7i,, i1,, and i, are the average values of each component of the director,
and the average is performed over all particles of a period in the layer, i.e., i € [1, 400].
Here, we notice that ¥, and 9,, characterize the deviation from z-axis in each HAN plane
of the two models.

We choose the material parameters K} = K3 = K = 8.11 x 10~"2N and K,/Ksz=1.
The former conforms to the inequality K, < K; < K3 fulfilled by most rod-like nematics
[30], and K,/K3 = 1 is the largest value allowed in the equality K4 < K, or K, guaran-
teeing the positive definiteness of the Frank elastic energy [31,32]. We should notice that
the surface-like elastic constant K does not present in the relaxation equation, i.e., Eq. (3),
therefore, surface-like elasticity will not influence the director profile; but it will contribute
to the elastic energy for the two models we proposed, due to the lower rough surface.

In our numerical calculations, we choose A = 0.1 um and L, = 0.8 um and make
the two values constant. In order to change the value of Ag, we make the wave vector
q = 2w /A vary, i.e., the spatial periodicity A varies. As geometrical parameters, we choose
Aqg = 0.271(~0.628), 0.4 (~ 1.256), and 0.5 (= 1.57), which are of order unity.

Results and Discussions

According to the values of A and L., we have A =0.1 and L, =0.8, ie., L./A =38
and Z € [-0.2, 0.8]. From %; = (k — 1)AZ% — 2A, we can easily get that the layer k = 81
corresponds to the effective flat boundary z = 0, i.e., Zg; = 0. Above z = 0, there are 320
layers, which is sufficient to capture the behavior of the directors correctly.

Under one elastic constant approximation (K; = K, = K3 = K), the curves of tilt
angle (¢, v;,) for Ag = 0.2m, 0.47, and 0.57 as a function of z are shown in Fig. 2. It is
shown that in both the two models, the grooved surface causes a nonzero effective boundary
tilt angle [,(0) and 9,,(0)] at the effective flat surface z = 0, and the values of #,(0) and
,/(0) increase with the value of Ag. The results are consistent with the analytical results
reported in Ref. [20], which investigated the boundary-roughness effects in a nematic cell
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Figure 2. (Color online) Tilt angle profiles against distance z for model I (dashed line) and Model II
(solid line). From bottom to top, the values of Ag are 0.2z, 0.4, and 0.57, respectively.

similar to model I, framed within the Landau-de Gennes theory. According to our numerical
results and the analytical results in Ref. [20], we can infer that, the effective tilt angles ¢+,(0)
and ¥,,(0) trend to zero as Aq — 0, in other words, both the two models reduce to HAN
cell, and the energy of the two models are almost equal, which is consistent with the
theoretical results in Appendix A.

From the data given in Fig. 2, we get the extrapolation lengths corresponding to
Aq = 0.2, 0.47, and 0.57 are b/A = 0.712, 0.719, 0.724 (model I) and b/A = 0.749,
0.898, 0.987 (model II), respectively. According to b = K /W, we conclude that the ef-
fective anchoring strength decreases with the value of Ag. According to the actual am-
plitude A of surface grooves [(1078~1077)m], we obtain the effective anchoring strength
W~(10~3~10%)J /m?, which is reasonable.

Figure 2 also shows that the effective boundary tilt angle of model I #,(0) is always
bigger than that of model II ¢#,,(0) at certain Ag, meaning that the effective anchoring
strength of model I is always weaker than that of model II; and the difference between
1,(0) and ,,(0) increases with the value of Ag. The results are caused by the twist effect
in model I, and the presence of n, component in model II indicates this effect (see Fig. 3).
We notice that the tilt angle ¥— tan~'(ji, /7i,) is defined in HAN plane, whereas the polar
angle respect to the x — y plane is 6 tan™'(, /(22 + 712) /7).

Figure 3 gives the plot of 77, component of the director in model II for different values
of Ag, where the average is performed over half a period in the layer, i.e., i € [1,201], in
order to avoid plus—minus offset. We find that as Ag increases, the 7i, component becomes
bigger and the relaxation becomes slower significantly, which directly induces the increase
of twist energy. The deformation of model II has to overcome more twist energy, and the
surface anchoring decreases, which is denoted by the increase of anchoring extrapolation
length or the increase of effective boundary tilt angle #,,(0).

In order to further study the effect of twist deformation in model I, we introduce a
dimensionless parameter T = K,/K |, then we plot the tilt angle #,, and the 7i, component
of the director for 7 = 0.5, 0.8, and 1.0 at Aq = 0.2, as shown in Fig. 4. It is shown in
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Figure 3. (Color online) The plot of 7, component of director in model II. The values of Ag are
0.2, 0.4, and 0.57 (solid line, dashed line, and dash dot line), respectively.

Fig. 4(a) that the effective boundary tilt angle ©#,,(0) decreases as the value of T increases,
and it can be illustrated by Fig. 4(b), which shows that as 7 increases, the 77, component
becomes smaller.

We plot in Fig. 5, the energy of two models as a function of t for Aqg = 0.27. The
energy here is the total Frank elastic energy per unit area. It is shown that the energy of
model I increases with t; while the energy of model II remains unvaried. Moreover, the
energy of model I is always lower than that of model II for nematics with t < 1 (K, < Ky),
as is the case for most nematics. This result is in agreement with the analytic results in
Appendix A.

0.16 0.24

()

0.15

V(rad)

0.14

"0.000 0.005 L 0.010 0.015 "0.000 0.005 0.010 0.015
z z

Figure 4. (Color online) The director profiles of model II at Ag = 0.27 for different values of T =
0.5, 0.8, and 1.0 (solid line, dashed line, and dash dot line), respectively. (a) Tilt angle profiles ;.
(b) 1, component of director.
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Figure 5. Frank elastic energy per unit area as a function of t = K,/K; for Ag = 0.27.

Conclusion

To investigate the boundary-roughness effects on nematics induced by a grooved surface, we
have performed numerical calculations of the equilibrium distribution and the total Frank
elastic energy of two models, composed of a lower grooved surface with relatively large
amplitude A and homeotropic anchoring and an upper flat surface with planar degenerate
anchoring, where the director is either perpendicular to the direction of grooves (model I)
or parallel to it (model II).

The extrapolation length b = K /W serves as a measure of the effective anchoring
strength. Our results confirm the weak anchoring effect reported in Ref. [20], i.e., the
effective anchoring strength decreases as the value of Ag increases. By comparison between
the two models, we find that the effect of roughness on model II is larger than model I and
the effective anchoring strength in model II increases with the value t = K, /K, which
result from the twist effect in model II. Further, the energy of model Il is always lower than
that of model I for nematics with T < 1. Combined with the analytic result in Appendix A,
we conclude that for a nematic cell composed of a lower grooved surface with homeotropic
anchoring and a planar degenerate upper surface, it will nonetheless tend to align the
nematic with K, < K on the upper surface along the direction of the grooves, as model II
has the minimum energy.

In the numerical calculations of tilt angle, we have introduced an effective flat boundary,
i.e., the plane z = 0. In order to illustrate its rationality, we consider a submicrometer-
scale surface groove [A~10""m and A~(10"3~10"")m]. Compared with the actual cell
thickness in practical application (>2 x 10~%m), the amplitude A is comparatively small
and a distance of 2A from the actual lower surface (see Fig. 1) will not influence the result.
Therefore, we consider the reference plane z = 0 as effective flat boundary to simplify
our calculation. Here, we emphasize that this approximation is appropriate only when the
amplitude A of the grooves is much smaller than the cell thickness, and it only used for the
calculation of tilt angle, while the calculation of elastic energy is performed over the whole
numerical system.
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The anchoring energy calculated numerically is qualitatively consistent with analytical
ones, even when Agq is of order unity. Considering the assumption of Ag << 1 in deriving
the analytical anchoring energy, our findings are somewhat surprising, and it indicates
that the analytical theory can describe the qualitative feature of the anchoring of grooved
surfaces in spite of the assumption Ag << 1 does not hold.

We should notice that in our analysis, we have compared approximate analytical
solutions with the “exact” one, given by numerical calculations with the correct boundary
conditions. While in the analytical process, we have introduced some approximations, such
as the approximate lower surface boundary, no azimuthal director distortion, and neglecting
the contribution of the surface-like elasticity. It has been proved that these approximations
have strong influence on the correct evaluation of the anchoring energy [11-13], thus the
consistent is only an approximate and qualitative conclusion.
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Appendix A: Analytic Solutions

The Frank elastic energy density of a nematic LC can be described in terms of 7 as [30]
1 - . - - o
f:5[KI(V~n)2+K2(n-Vxn)2+K3(nxVxn)z], (A1)

where K, K>, K3 are the elastic constants associated with splay, twist, and bend distortions,
respectively.

On the assumption that Ag < 1, the azimuthal director distortion is negligibly small
and the director 7 can be considered to be constrained to a single plane that makes an
azimuthal angle ¢ with the wave vector of the grooves, thus 7 can be expressed as

1 = (sinf cos ¢, sin @ sin ¢, cos 9) , (A.2)
where 6 = 0(x, z). After making the simplification that K; = K3 = K, the bulk free energy

density is

1
f=35K [K (0.) + (9,1)2], (A.3)

where 6, = 36/dx, 6, = 30/3z, k =1 — (1 — 7)sin’ ¢, and T = K,/K,. The Euler-
Lagrange equation is

k0 x40 =0. (A.4)

In the theoretical treatment, we introduce the same approximation as Ref. [20], i.e., we
replace the lower grooved surface by an undulating boundary condition on an effective flat
surface (z = 0 in Fig. 1), i.e.,

0 (x,0) = Agsin(gx), (A.5)



Downloaded by [Siauliu University Library] at 00:33 17 February 2013

74 X. Zhou et al.

and the boundary condition on the upper surface (z = L) is

T

O(x, L;) = 7 (A.6)
Equations (A.4)—(A.6) admit the simple solution
0(x,2) = %Li + Ag sin(gx)e V<, (A7)
Z

Equation (A.7) satisfies Egs. (A.4) and (A.5) strictly, while it satisfies Eq. (A.6) approxi-
mately on the assumption % >> 1. Substituting Eq. (A.7) in to Eq. (A.3) and integrating
over x and z yields the bulk free energy per unit area as

72K

) A8
8L, (A8)

F = %KﬁA%f +
in which the first term is surface-groove-induced azimuthal anchoring energy and the second
one is the energy of uniform HAN deformation. We should notice that in our analytic
process, the surface-like elasticity is omitted, just because we cannot get a reasonable
solution about it under the assumption of no azimuthal distortions, not because it does not
contribute to the free energy.

From Eq. (A.8), we find that for model I, ¢ =0 and k = 1, Fy = 1K A%¢® + X,

while for model II, ¢ = % andk =7, F)y = %KﬁA2q3 + ’;:TK The expressions of F,
and F,; show that ‘

K

1. When Ag — 0, the energy of the two models are almost equal, i.e., F — T

representing the uniform HAN configuration.

2. The energy of model I (F,,) increases with 7, while that of model II (F,) remains
constant.

3. If t < 1 (K3 < K1), Eq. (A.8) has a minimum at ¢ = 7, which corresponds to
model I, and a maximum at ¢ = 0 which corresponds to model II. It is possible then
if the upper surface z = L, is planar degenerate anchoring, it will nonetheless tend
to align a nematic with K, < K along the direction of the grooves, in other words,
the NLC cell forms the configuration of model I, as model I has the minimum
energy. This mechanism requires anisotropic elastic constants and is somewhat
similar to the result in Ref. [33].
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